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2-1. What is the largest prime divisor of every 3-digit number with 3 2-1.
identical non-zero digits?

2-2. If 3 adult bears ate an average of
16 hot dogs each, and 2 bear cubs
ate an average of 6 hot dogs each,
then (for these 5 bears) what was
the average number of hot dogs
eaten per bear?

2-3. A semicircle is tangent to both legs of a
right triangle and has its center on the
hypotenuse. The hypotenuse is partition-
ed into 4 segments, with lengths 3, 12, 12,
and x, as shown. What is the value of x?

2-3.

2-4. What are all 3 ordered triples df integers (a,b,c), with0 <a <b <yg, 2-4.

for which 1 +141 =17
a b ¢

2-5. A distribution consists of the integers from 1 through 100, inclusive, 2-5.
such that the frequency of each integer 7 is 2"~1. What is the medi-
an of this distribution?

2-6. If Sis a 2012x 2012 square split into unit squares, . 2-6.
a diagonal of S will pass through the interior of g
2012 unit squares. If R is a 2012 X 2015 rectangle g
split into unit squares, a diagonal of R will pass 4
through the interior of how many unit squares? |-
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Contest # 2

Answers & Solutions
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Problem 2-1

Every such 3-digit number ddd can be written as d X
111 = dx3X%37. Since d is a digit, ] <= d <9, so the
largest prime divisor is .

Problem 2-2

The average of 5 numbers is their sum divided by 5.
Since the sum of these 5 numbers is (16+16+16) +
(6+6) = 60, their average is 60/5 = .

Problem 2-3

The two small right As
are similar to each other
(and the large right A).
A radius of the circle is
12. Thus the longer leg
of the right A at the lower left is 12. Since its hypot-
enuse is 15, its dimensions are 9, 12, 15. The shorter

12

s

12

3 12 12 X

leg of the right A at the lower right is 12, so its di-

mensions are 12, 16, 20. Since 124+x = 20, x = .

Problem 2-4
Clearly, (a,bc) =

solution, at least one fraction must exceed %, which

(3,3,3) is a solution. In any other

means one fraction must equal % Since0<as<b<

¢, it follows that, in any other solution, a = 2. Now,
solve %+ % = -%— in positive integers. This is a sim-

pler version of the original equation. This time, an ob-

vious solution is (b,c) = (4,4). In any other solution,

one fraction must exceed L. That means that one
- 1 1_1_1_1g
fraction must equal 3 Thus, S =573 < Fi

nally, the positive integer solutions are the ordered

tr1ples|(333) (2,4,4), 236J

Problem 2-5

The integers range from 1 through 100. How many
1’s are there? There’s 2!-! = 1 of them. How many
2's? There are 2! = 2 of those. Similarly, there are 22
3's,23 45, . .., 298 99%s. The total number of all these
integers is 20421422423+ ... +298 = 299_1. The
number of 100’s is 2%, so we can pair one 100 with
every other integer—and we'll still have one 100 left
over. So, if the numbers are ordered from least to

greatest, the middle number will be the extra [100].

Problem 2-6

Place the rectangle on the coordinate axes with verti-
ces (0,0), (2015,0), (2015,2012), and (0,2012). The
diagonal isy = %8}%’(’ with 0 < x < 2015. The key
observation is that the diagonal enters a new square
each time the diagonal crosses a vertical line of the
, 2014, or a hori-
zontal line of the formy = b, withb =1, 2, 3, ...,

2011. (Since the greatest common divisor of 2012

formx = a,witha =1, 2,3,...

and 2015 is 1, the diagonal never passes through any
point with integral coordinates—where the grid lines
cross—that is interior to the rectangle.) Start with the
unit square that has one vertex at (0,0), then go
through another 2014 squares horizontally and 2011
squares vertically. The total number of such squares
is 1+2014+2011 = {4026).
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